ON 2D NLS ON NON-TRAPPING EXTERIOR DOMAINS 

FARAH ABOU SHAKRA 

Abstract. Global existence and scattering for the nonlinear defocusing Schrodinger 

equation in 2 dimensions are known for domains exterior to star-shaped obsta- 

(T^ cles and for nonlinearities that grow at least as the quintic power. In this paper, 

^^ we extend the global existence result for all non-trapping obstacles and for non- 

^^1 linearities with power strictly greater than quartic. For such nonlinearities, we 

j_^ also prove scattering for a class of so-called almost star-shaped obstacles. 

Oh 
< 

^ 1. Introduction and Background 

^T"! We are interested in this paper in the nonhnear Schrodinger equation in exterior 

^ domains fi = M" \ V where V^ is a non-trapping obstacle with smooth boundary 

• with Dirichlet boundary condition 

t^ idtu + Au = ±\u\P-^u in n = W\V, p>l 

£j (1-1) M|Rxan = 

^H u{0,x) =Uo{x) 

> i — I 

OO The class of solutions to (l.ip is invariant by the scaling 



m 



CM 

^ (1.2) u{t,x) — > \^u{\H,Xx) 

■^ This scaling defines a notion of criticality, specifically, for a given Banach space of 

O initial data Uq, the problem is called critical if the norm is invariant under (1.2). 



The problem is called subcritical if the norm of the rescaled solution diverges as 
A — ^ cxo; if the norm shrinks to zero, then the problem is supercritical. Moreover, 



k> considering the initial value problem (1.1) for uq G H^iM."^), the problem is critical 

H when s = Sc := | ^, subcritical when s > Sc, and supercritical when s < Sc- 

Now, denote by 

(1.3) M{u) = / \u\'^dx and E{u) = - \Vu\'^dx ± / \u\P+'^dx, 

the mass and the energy which are conserved. 

For the case of 3D exterior domains, Planchon and Vega obtained in [19] an 
Lf^ Strichartz estimate and they used it along with local smoothing estimates 
near the boundary to prove the local well-posedness of the family of nonlinear 
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equations (1.1) for 1 < p < 5 and uq G Hq{Q), and that the solution is global for 
the defocusing case (+ sign in (1.1)). They also proved scattering for the cubic 
defocusing nonlinear equation outside star-shaped obstacles for initial data in Hq. 
For the energy critical case p = 5, Ivanovici proved in [TT] local well-posedness 
for solutions with initial data in H^ and global well-posedness for small data, 
outside strictly convex obstacles using the Melrose- Taylor parametrix. Scattering 
results were also obtained for all subquintic defocusing nonlinearities. Ivanovici 
and Planchon then extended in ^^ the local well posedness (and global for small 
energy data) to the quintic nonlinear Schrodinger equation for any non-trapping 
domain in M.^ using the smoothing effect in L^{Lf) for the linear equation. Their 
local result also holds for the Neumann boundary condition. They also extended 
the scattering of solutions to the defocusing nonlinear equation outside star-shaped 
obstacles with initial data in Hq for 3 < p < 5. A very recent result was obtained 
by Killip, Visan, and Zhang in [15] for the quintic defocusing NLS in the exterior 
of strictly convex 3D obstacles with the Dirichlet boundary condition, where they 
proved global well-posedness and scattering for all initial data in the energy space. 

Our main interest here is exterior domains in 2 dimensions which is known to 
be the most difficult one regarding scattering questions even in the case of the full 
space M". In fact, after the results of Ginibre and Velo [10] for M" {n > 3) for the 
H^ subcritical case that corresponds to the case < Sc < 1, the obstruction of the 
dimension was removed by Nakanishi |TB] (in dimensions 1 and 2, all powers p have 
an Sc that is less than 1), but his techniques are not well suited for the domains 
case. However, a fundamental contribution to the existence and scattering theory 
in the whole space and that turned out later [I9j to be suitable for the case of 
exterior domains, was by Colliander, Keel, Staffilani, Takaoka, and Tao ([8], [9]) 
through introducing the Morawetz interactive inequalities. Similar problem with 
low dimensions appears due to the sign of the bilaplacian term that comes from 
the use of a convex weight which is the euclidean distance. The sign turns out 
to be wrong for dimensions less than 3. This obstruction was then overcome 
simultaneously and independently by Colliander, Grillakis, and Tzirakis in [6] as 
well as by Planchon and Vega in [l9j. 

In [19] the authors also used the bilinear multiplier technique to obtain their 
results for exterior domains in 3D. Again, just like in the whole space, the obstruc- 
tion of the dimension appears as a result of the sign of the bilaplacian. That is 
why the local smoothing (Prop. 2.7 in [IS]), which is a key ingredient in the proof 
of existence and scattering, was given in dimension 3 and higher. However, Plan- 
chon and Vega recently removed this restriction in [50] and they obtained global 
existence and scattering results in 2D domains exterior to star-shaped obstacles to 
the nonlinear defocusing problem with initial data in H^ and for p > 5. 
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The main idea in [20] was using the tensor product technique (as developed e.g. 
in [7] to obtain a quadrihnear Morawetz interaction estimate in M) by constructing 
v{x,y) = u{x)u{y) solution of the nonlinear Schrodinger in i7 x i7, and then using 
the local smoothing inequality obtained from Morawetz's multipliers in dimension 
n = 4 thus resolving the issue of the wrong sign of the bilaplacian in dimension 
2. Their local smoothing estimate is a key step to get that D^/^(|up) is in L^^ for 
both the nonlinear and linear solutions which leads to obtain the global in time 
Strichartz estimate L^~ L^ (for the case of star-shaped obstacles) which is the key 
factor to get their result. 

In this paper we extend the result of Planchon and Vega in two directions, the 
range of nonlinearities and the class of obstacles under consideration. First, we 
extend the local existence for p > 4 and for any non-trapping obstacle by using the 
following set of Strichartz estimates obtained by Blair, Smith, and Sogge in |2j: 

Theorem 1.1. (Theorem 1.1, [2]j Let Vt = M" \V be the exterior domain to a 

compact non-trapping obstacle with smooth boundary, and A the standard Laplace 

operator on Q, subject to either Dirichlet or Neumann conditions. Suppose that 

p > 2 and q < oo satisfy 

3 2 

- + - < 1, n = 2, 
p q 

1 1 1 

- + -<;r, n>3. 
p q 2 

Then for e**^/ solution to the linear Schrodinger equation with initial data f , the 

following estimates hold 

\\e' f\\Lp{[o,T];Li(n)) < C\\f\\H^{n), 

provided that 

2 n n 

- + - = --s. 
p q 2 

For Dirichlet boundary conditions, the estimates hold with T = oo. 

Remark 1.2. Remark that as an application to the nonlinear Schrodinger equa- 
tion in 3D exterior domains, the authors used their above result and interpola- 
tion to establish the LfL'^ Strichartz estimate and present a simple proof to the 
well-posedness result for small energy data to the quintic nonlinear Schrodinger 
equation, a result first obtained by Ivanovici and Planchon [12j. 

We will use in this paper the Besov spaces which are defined here using the 
spectral locahzation associated to the domain. We refer to [T^ for a detailed 
discussion and references, and we provide only basic definitions here. Let ■?/'(■) G 
C^(M\{0}) and ipj{-) = ip{2~'^^-). On the domain Q, one has the spectral resolution 
of the Dirichlet Laplacian, and we may define smooth spectral projections Aj = 
ipj^—Ar,) as continuous operators on L^ (they are also continuous on LP for all 
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p). Moreover, just like the whole space case, these projections obey Bernstein 
estimates. 

Definition 1.3. Let / G 5" (Q) and let Aj = iIj(—2~'^^Ad) be a spectral localization 
with respect to the Dirichlet Laplacian Ad such that ^ . Aj = Id. We say f belongs 
to B^^'^iQ) (s eR, l<p,q< +oo; if 

Note that B2' = Hq and by analogy we set H"^ to be just B2 . The Banach 
space Bp''^ is equipped with following norm: 



r>!i,q 
Dp 






Remark 1.4. In our range of interest, this intrinsic definition may be proved to be 
equivalent with the more well-known definition using the restriction to the domain 
Vt of functions in Bt;'^{W^). However, we will not need this equivalence. 

We first obtain the following result: 

Theorem 1.5. Let Vt beM? \ V , where V is a non-trapping obstacle, and uq G 
-82"' (f^)- Then, there exists T{uq) such that the nonlinear equation: 

idtu + Au = ±\u\^~^u x e f], t e M, p > 4 

u\Rxdn = 
m(0,x) = uq{x), 

admits a unique solution u in the function space 

Moreover, if Uq G HliVt), then the solution stays in HliVt) and it is global in time 
for the defocusing equation. 

Then, we prove the scattering for the defocusing equation with initial data in 
ifg (f2) for a class of almost star-shaped obstacles satisfying the following geometric 
condition: Given < e < 1 

(1.4) (xi, 6X2) • n^, > for x = (xi, X2) G dV 

where n^ is the exterior unit normal to dV . 

Remark 1.6. In fact, for e = 1, which corresponds to the star-shaped case, we 
don't need the strictness in (1.4) (see [20] ). 



Almost star-shaped obstacles that are a natural generalization of the star-shaped 
were introduced by Ivrii in [ll] in the setting of local energy decay for the linear 
wave equation. In section 3.2.1 we provide an explicit definition for such obstacles 
as well as an interpretation of the geometric condition (1.4). 

We obtain the following theorem: 

Theorem 1.7. Let Q be M.'^\V , where V is an almost star-shaped obstacle satisfying 
the condition (1.4), and uq G HliVt), then the global solution for the defocusing 
equation 

idtu + Au= \u\^''^u X eQ, t eR, p> 4 

uWxdn = 
m(0, x) 



UoiX 



scatters in Hq. 



Acknowledgements. I would like to thank Fabrice Planchon for suggesting 
the problem and commenting on the manuscript. 



2. Proof of the local and global existence (Theorem 1.5) 
We want to solve 

idtU + Au = ±\u\P~^u in fi = M^ \ V, p>4 
(2.1) wkxen = 

u{0,x) = uq{x) 



We will set p 



l-eo 



+ 1 with < Co < 1. 



Note that the Sobolev space with the invariant norm under the scaling (|1.2|) is 
H^" with Sr 



1 I 2eo 
3 "•" 3 • 



Sc,l 



Using the estimate obtained by Blair, Smith, and Sogge (Theorem 1.1), we can 
obtain another linear estimate in the Besov space B2 
following proposition: 



This is stated in the 



Proposition 2.1. Let Q = M.'^\V , where V is a non-trapping obstacle with smooth 
boundary, and A is the Dirichlet Laplacian. Then for e**^/ solution to the linear 
Schrodinger equation with initial data f , we have 

l|e'*^/ll ^ 



Bl-='\n) 



(2.2) ||e**''/|| ^ < 

Proof. For exterior domains in M? and given any < e < 1, we have the following 
Strichartz estimate obtained by Blair, Smith, and Sogge 



(2.3) 



x-.i<^(^)II/IIh^ 



(1-e) 
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On a dyadic block Ajf, where Aj is defined via the Dirichlet Laplacian A, the 
Blair-Sniith-Sogge estimate is written as follows 

(2.4) l|A,(e^*^/)|| 3 ,<2^-^||A,/|U. 



for any < e < 1. This can be easily obtained using (2.3) and the fact that Aj 
commutes with e**'^ as well as a Bernstein's inequality. 
Now, we choose e = eo, we have 



iiA_„^„ ^ „.i±M 



2-^||A,(e^*^/)l| 3 ^<2^^||A,/|U. 

ve, 

A,(e^*^/)|U=.<2^-||A,(e^*^/)|| ^ 



Lr " L 

But by Bernstein we have, 

JtA f\\\ ^oJeollA ^JtA 

hence 



<$:2-||A,(e-^/)|| 3 ^ 

<$:2^-^iiA,/iu.(= 



i?2=-i 



J 



Hence we get the following linear estimate 

itArU < 



/ 3 



|e 



which ends the proof of Proposition 2.1 D 



Now, using the estimate (2.2), we can solve the nonlinear equation (2.1) with 



initial data in i^g"' locally in time in the function space Et given by: for T > 

ET = Ci[0,T];B',-\n))nL^>i[0,T];L^in)). 

3 3 

Set F{x) = \x\'^''ox (or — |x|^"'ox in the focusing case) and choose T small 
enough so that ||e**^Mo|| 3 < c for a constant c to be determined. 

r 1-^0 Too 
[0,T] ^^ 

Remark 2.2. Remark that this quantity can be easily made small if uq is in fact 
in H^ , and then T will he like an inverse power of the the norm H^ of uq (see for 
example page 22 of [5] for a similar reasoning). Moreover, for the defocusing case, 
the H^ norm is controlled and thus the local time of existence is uniform and one 
can consequently iterate the local existence result to a global result. 

We define the following mapping 

<P{w){t):= I e''-'-'^'^F{e''^Uo + w{s))ds 

Js<t 



and set u = e^^^uo + w then we have 

Il1([0,T];B2»-^) 

and for w' G E^, setting v = e**^Uo + w' we have 

3 3 

(2.6) II0H - 0K)IUt ^ WH^^U - |^^|^^^^||ii([0,T];S2=-i) 

+ ll^l 



3 ^ 

(2.5) ||0(w)|Ut ^ lll«l'"'°«llLl(fO,Tl;B,»-M ~ lkllL2?B,^-i|l'"ll 1 




The first part of the above inequahties can be easily shown using the hnear 



estimate (2.2), as for the second part, it is a consequence of the following lemma: 

Lemma 2.3. Consider f,g & B^''' fl L°° with < s < 2, then if F{x) = \x\"~^x 
(or |x|"j and a > 3 we have 

II W) - i^(^)llB- < (11/112^' + 11^112^^)11/ - 9\\b;- 

Proof. This lemma can be proved by writing 

F{f) - F{g) = {f-9) f F'iOu + (1 - e)v)de, 

Jo 

and splitting this difference into two paraproducts. For a detailed proof, we refer 

to Lemma 4.10 in [12] which is given for f,gE B^''^ fl L^. In fact our lemma is a 

special case of that lemma with r = oo. Note that such a result is by now classical 

if the domain is just M", and where the easiest path to prove it is to use the 

characterization of Besov spaces using finite differences. By contrast, on domains, 

[12] provides a direct proof using paraproducts which are based on the spectral 

localization. D 

Now, taking w,w' in the ball ||ty||£;j, < c, and recalling that we chose T small 
enough so that ||e**^uo|| _3 < c, (2.5) and (2.6) yield 






^)IUt^(II^o|Ib-i + c)(2c)A 



and 

Mw) - (P{w')\\e, < 2(2c)^l|«; - w'We, 

Choosing c small enough the above inequalities show that is a contraction that 
maps the ball HwH^jj, < c into itself. Hence, by the fixed point theorem, there 
exists a unique w in this ball such that (p{w) = w and thus u set as m = e**^Mo + w 



is a solution to the nonlinear Schrodinger equation (2.1) that satisfies 



(2.7) u = e'*^Mo + / e'^'-'^^F{u{s))ds. 

J s<t 



Now, we will show that if the initial data uq € H^, then the solution u remains in 
Hq. In fact, if Uq G Hq then uq E L'^ = B2 and Mq G H^ = B^ (from now on H^ 
will always correspond to Hq). Using the following interpolation inequality 



l-Sr. 



and the fact that 



and 



we get that 



\uo\\b^c,i < \\uo\\%^^\\uo\\ -0 

2 -D2 £>2 



|Mo||d1.°o < ||«0i|Rl.2 



kin rO.oo < Un r0,2 

I IIJ32 II 1I-D2 



1 — Sc 



I«o|Ib-c,i < ||Mo||^i||Mo|li2 



Thus Mo € -82"' ^^d ^1^6 nonlinear equation (2.1) with initial data uq G Hq{Q) has 



a local solution in Et given by the Duhamel formula (2.7). Hence, we have 



3 ^ 

IkllcrHi ^ ll^olliji + \\\u\'-'°u\\l1hi < WuoWfji + ll^ll 1 \\u\\l^h^ 

and 

3 

llwllcTii ^ IkolUi + ll'^ir^l' ||w||l2?l|- 

^ r 1-^0 roo 

3 

As the solution u is constructed such that its L^~^° L^ norm is sufficiently small, 
the above inequalities yield that u G C([0,T]; Hq). 

3. Scattering for the defocusing equation (Proof of Theorem |1.7[ ) 

In this section, we will show that for the defocusing case with initial data in H^ 
and for domains Q exterior to star-shaped obstacles as well as for a class of almost 



star-shaped obstacles (see section 3.2.1), the solution to the nonhnear equation 

scatters in H^. To prove that is suffices to show that given any interval / of time 

3 

where the solution exists the Lf°L'^ norm is controlled by a universal constant 
that is independent I. To achieve this we will use the conservation laws of the 



mass and energy (1.3), as well as additional space-time control of the solution. 



3.1. The case of star-shaped obstacles. For star-shaped obstacles, in addition 
to the conservation laws of the mass and energy, we will use the fact that the L^L^^ 
norm is controlled, which is a consequence of the following result by Planchon and 
Vega [20]: 
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Proposition 3.1. (Planchon-Vega, [20jj Let Vt he M?\V , where V is a star-shaped 
and hounded domain. Then u the solution of 

idfU + Au = \u\^^^u p > 1 

^ uWxdn = 

satisfies 

where u is extended hy zero for x ^ Q to make sense of the half-derivative operator. 

Remark 3.2. Remark that this result is also true for the linear equation, and it 
plays the key role in proving the L^~ L^ (with p — 1 > 4:) Strichartz estimate for 
star-shaped ohstacles in their paper. This is what restricted the range of p in f2U\ . 
whereas the result of Blair, Smith, and Sogge (Theorem |i.i[ j allows us to get that 
estimate with a p > A. 

This proposition combined with a Sobolev embedding yields that 

Hence we now know that the solution u to the defocusing equation exterior to 
star-shaped obstacles is such that 

u G L^jLl n LfH^ 

But, using the fact that L is continuously included in B^' and H = B2' , as 
well as the following inequalities for Besov spaces: 



qi<q2^ Ikllsf-^ < ||m||b. 



.91 



P 



we get the following continuous embeddings: 

Ll C B-J''^^ and H' C 5^ 
So, the solution u is such that 

ueL]{B^'/'nr\Lr{Bm 

thus using the well known interpolation inequalities for Lebesgue and Besov 

spaces, we get that 

u 6 L]{B2r) 

with 

1 a 1 — a a 

g 4 00 4 
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and 

—a. , , —a 

^ = _ + 0x (!-«) = — 

for any a g]0, 1[. We conveniently choose a = |(1 — eo) (based on the scahng of 



3 9 



the space L^-'^L^), and get that u E Lf'~''^ (bJ^^ '°^'°^V and 



\U\\ 9_ 



< ii7/,r . ,,.__ ii7/,i|i-" 



(3.1) <\\nrL.Ls\Mlf^^<C{M,E) 

Now, given any interval / of time where the solution exists, and given any 77 > 

N 

there is a finite number of disjoint intervals Ii,---In such that \\ Ij = I with 

j=i 
N = N{r]) and 

||m|| 9 2,-, , =V^ J < Nirj), 

J 



Hence, due to (3.1), 

N{7])<C{M,E)r]-\ 

Now, we fix an e (to be chosen later) such that < e < eo and we introduce the 
following lemma: 

Lemma 3.3. Let Q = M.'^ \V , where V is a non-trapping obstacle with smooth 
boundary, and A is the Dirichlet Laplacian. Then for e**^/ solution to the linear 
Schrodinger equation with initial data f , we have 



(3.2) ||e^*^/|| ^.2(^,< 



" 11/11 nSr ,1 



Proof. To prove this we will use again the Blair-Smith-Sogge estimate on a dyadic 
block Ajf: 

thus 

2en+i! • -J. A • l + 2en 

2^^||A,(e^*^/)|| ^ ,<2^^||A,/|U2 

But by Bernstein we have, 

l|A,(e^*^/)|U^. <2^-iA,(e^*^/)|| I 

^x 

hence 

2(en-e) • -.A 2eo+e ■ • , a l + 2En • 

2^^^||A,(e^*^/)|| 3 <2^^||A,(e^*^/)|| 3 a <2^^||A,/|U2 



and thus get 

l|e^*^/|| 
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2(^0-0 



3 2( 



^^^<^2^^^||A,(e^'^/)|| 3 



Lt'L^ 



~ \\J \\B. 



D 



Using the Duhamel formula (2.7) and the above estimate (3.2) shows that the 

3 . 2(eo-6) ^ 

solution we constructed locally is also in Lj'' Boo ^ ' , and in particular we have 
by Duhamel on Ij: 



(3.3) 



\u\ 



^ ^(-0--) .1 ~ ll«(^. 






■Jills' 



+ k 






I lX 1 1 r oo 'p^c^'^ 



\LfB'^ 



On the other hand, we have the following interpolation inequality 



<- II 11^ 



\U\\ nO,l >- ||M|r 2. ^ llwll 2, 



with = — 1/3(1 — Co) + |(1 — /3)(eo — e)- For simplicity, we choose e = ^, and 
thus /9 = eo. Using the fact that B^^ is continuously included in L°° and that 



\u\ . 2,„_ < llmi .a 






we get that 

hence, 

(3.4) 

Now, since 



U/ll . < lU/ll'^o IU/ll-^~'^o 

U TOO ^, U 2/ X U 2 

I lli.^ ~ II II 2(i_^^)_^|| II 2^0.1 



I cX 1 1 o ^, 1 1 (X 1 1 9 






^^^ 2 " _3_ 2 



3 



U/ll ■ 1 < IU/IP<: lU/ll^^'*': < K 
FIIb^C'1 ~ lFll/fllPllL2 ^ -"■ 



where A' is a constant that depends on the conserved mass and energy, (3.3) and 



(3.4) yield 



I II .T^ og^O.l ~ II 

^1 . -DoO 



3^0 

I ^"^0 IU/I|3 K 

9 2 F ^- 2,, -i-f^ 

L''''"'°^Bi^*'"''°''°° L]-^Bf 

EQ 



</s: + ?7i-"oii'||7/f^ 2. 



choosing 77 small enough, we conclude that ||u|| 3 2 , is bounded and conse- 

^ ' ^ ' II iirr^Rg-^o.! 



quently (by (3.4)) ||m|| ^l remains bounded by a universal constant C\ inde- 
pendent of the time interval of existence J. Therefore, 



m|| ^ <CiiV<C(M,E). 



ir°is° 
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Hence, our global solution satisfies 



ImII 3 <C(M,E). 

J 1-^0 Too 



Finally, defining m+ G Hi as 



oo 

i-rAl ip-l 



Jo 
and similarly for ii_, we get the scattering 

\\u{-,t)-e'^^u±\\=o{l) t^±oo. 

3.2. The case of almost star-shaped obstacles. In this section, we will prove 
the scattering for the defocusing equation for almost star-shaped obstacles V sat- 
isfying the following geometric condition: Given an e such that < e < 1, 

(3.5) (a;i, 6X2) ■ n^; > for x = (xi, 0:2) G dV 

where n^ is the exterior unit normal to dV . 

In this case, we lost the L^^L^^ control which was obtained under the star-shaped 
assumption. However, we will establish a similar control in some L^L^. norm that 
will play the same role in proving the scattering. 

3.2.1. Geometry of the obstacle. In 1969, Ivrii introduced the notion of almost 
star-shaped obstacles in the setting of the linear wave equation. He proved in [T3j 
local energy decay results for domains exterior to such obstacles in odd dimensions 
n > 1. An almost star-shaped obstacle V {Vt = M" \ V) is defined as follows: 

Definition 3.4. A hounded open region V with a boundary in class C^ is said 
to he almost star-shaped if there exists a D hounded open neighhorhood of V , a 
real-valued function G C'^{D (IQ) and a constant cq such that: 

• (/)(x) < Co, X E D nQ, (t>{x) = Co, a; G dD. 

• |V0(a;)| > const > 0, x eDnil. 

• The level surfaces 0(a;) = c are strongly convex; the radius of curvature in 
all directions at all points of Qn D is uniformly hounded from ahove. 

• At points of intersection of the level surfaces with dV their outer normals 
and the outer normal to dV form an angle which is not greater than a right 
angle. 

These obstacles are a natural generalization of the star-shaped obstacles. If the 
level surfaces are spheres with a common center, then V is star-shaped and con- 
versely. According to the above definition, an almost star-shaped obstacle with 



ellipses as level surfaces satisfies the geometric condition (3.5), where the strict in- 
equality corresponds to an angle strictly less than a right angle in the 4th condition 
of Definition 3.4 More explicitly, the function is given by 0(x) = A/a^f + erf and 
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this corresponds to what is called the gauge function of the convex body delimited 
by the ellipse given by the equation xf + ex2 = c^. 

We also remark that the case of almost star-shaped obstacles corresponds to 
the works of Strauss [21] and Morawetz |l7j that followed in 1975 (independently 
of Ivrii's work which was unknown to them at that time) on local energy decay 
for the linear wave equation. Moreover, in the same setting and around the same 
time in the 70 's, another generalization to the star-shaped case was introduced 
which is the illuminating geometry. Decay results were obtained for the so-called 
illuminated from interior and illuminated from exterior obstacles (see [3], |1], [IS]). 
Furthermore, scattering results were recently obtained for the 3D critical nonlinear 
wave equation in domains exterior to such obstacles ([!]). However, we opted to 
work here with almost star-shaped obstacles and use the gauge function of the 
ellipse rather than the illuminating geometry (that would impose using the distance 
to ellipse) mainly because the computation is much easier with the gauge function. 
The dog bone like obstacle in Figure [l] below is an almost star-shaped obstacle 
(and also illuminated from interior). 




*o 




Figure 1. dog bone 



3.2.2. Space-time control of the solution. In this part, we will prove that the norm 



of u in some L^L^ is controlled by a constant depending on the mass and the energy. 
This will be a consequence of the following proposition which is an alternative to 



Proposition 3.1 that is restricted to the star-shaped case: 

Proposition 3.5. LetVt &e]R^\y, with V is an obstacle satisfying condition (3.5). 



Assume 


u is 


a solution to 


















idfU + An = 


a\u'P'^ 


u 


in VL, 


p- 








Ur 


Kdn — 0, 










with a = 


= {0, 


1} 


Then we 


have 










(3.6) 








D-^'\ V 


') L'ix 


< 


m"^e 


1/4 
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where v{X) = v{x,y) = u{x)u{y) is the solution to 

idtv + Af = a{\u\^'^{x) + \u\^'^{y))v inVtxVt 
v\d{nxn) = 0, 



and where we extend f (■) hy zero for x ^ Vt or y ^ Vt, so that (3.6) makes sense 
forx gM^ 

This proposition means that (the extension to M'^ of) |f p G L^H-^ and its 
norm is controlled by a constant depending on the mass and the energy of the 
solution u. 

From now on we will use the notation C{M, E) to denote a constant that depends 
on the conserved mass and energy of u. This constant may vary from line to line. 
Moreover, all implicit constants are allowed to depend on the geometry of the 



obstacle (in particular, they may and will depend on e appearing in (3.5)). Finally, 
we also have: 

Lemma 3.6. Let v be again the extension by zero of our solution v to the whole 
space M^. Then |fp G L'^Hx, VO < s < 1 and its norm is controlled by C{M,E). 

Proof. We have u G H^ thus, VO < s < 1, m G H^ and consequently (by Sobolev 
embedding), u G L™ for all m < cxd. Now, given any 2 < p < oo, we can easily 
prove that |mP G Lp(M?) and \u\^ G W^''>(R'^) with 1/g = 1/2 + 1/p. Hence, by 
Sobolev interpolation inequality, \u\'^ G if ^^^/^(M^). So, for any < s < 1, we have 
|Mp G H'^ and its norm is controlled by C{M, E). Now, we have 

<cJ {\e' +\cn\mmmc)\'d^dc 

JIR4 

<2C,\\\u\YHst^.MUm<C{M,E) 



and it is easy to see that 

|2|| ll„.l|4 



^1 ||l2(M4) = ||M||L4m2) < C{M,E) 



D 



Fix < s < 1 to be chosen later, we have 



2s 



IIUJ2|| ^ II |„,|2|| i+2s IIL,|2|p i+2s ^ r<(T\/r T?\ 

Consequently, we get our desired control (which now makes sense irrespective of 

a; G M^ or a; G ri) 

||m|| 4(1+2.) < C{M,E). 
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Now, we are ready to continue the proof which is practically the same as in section 
13.11 The solution u is such that 

4(l+2s) 



ueLj ' Lir\LfH' 



So, 



4(l+2s) 



Using the well known interpolation inequalities for Lebesgue and Besov spaces, 

we get that 

with q = ^ ^^ '^' and 7 = -^ for any a g]0, 1[. Here, the convenient choice is 

3 

•^ ~ 3 ~?+3s^ based on the scahng of the space L^'^° L^. However, to assure 
that < a < 1, we need to choose s such that l~t^° < s < 1. Note that when 
1/4 < Co < 1 (p > 5) any < s < 1 will do, but for < eo < 1/4 (4 < p < 5), 



we have a restriction on the choice of s. Now, as in section 3.1 , we decompose any 



given interval / of time where the solution exists: Given any rj > there is a finite 

N 

number of disjoint intervals Ii,- ■ ■ I^ such that \\ Ij = I with N = N{r]) and 

i=i 

r], j < N{r]), and ||m||^, ^t,- < rj, j = N{ri). 



\u\ 



3 



On the other hand, (3.3) still holds 



\u\ 



1-e 6^ '1 



< 



L -' B. 

J 



Hm 



B 



Scil 



Ikll ^ 

L 



Ci r oo D'^c )1 



1-^0 roo" ""'j 2 



We choose e = t^^ < eo and we get the following inequality 



1+3, 



\iA\l^ ^ 



\u 






\v\\'^~^° 



hence 



\u\ 



< 



|eo 



^r^^s 



l?/ir" ?; '^ 

3 J^T ^oo 



and the rest follows exactly as in section 3.1 



3.2.3. Proof of Proposition 3j_5. In this section we will provide the proof of Propo- 
sition 3.5 following an approach similar to one used by Planchon and Vega in [201 



to prove Proposition 3J^ First, we will state the following remark that will be 
useful in our computations: 

Remark 3.7. If H is a function in M^" of the form 

H{x) = Jx'i + --- + xl + e{xl^, + -- 



X: 



2nJ 
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with < e < 1 . Then, 

\2tt _ _^ _|_ -"(^n+1 + • • • + 3^2ra) , ^ l^n+l + " " " + 3^2n) 

with 

A = -n{n + 2)e^ - 2n(n - 3)e - n^ + 4n - 3 
B = 2e(e - l)(3(e + l){n + 2) - 15) 
C = -15e\e - ly < 

Moreover, when n > 3 then A, i? < VO < e < 1, and hence A^H < 0. 
Now, we have the following proposition: 



Proposition 3.8. LetQ beM.'^\V, with V is an obstacle satisfying condition (3.5). 
Assume u is a solution to 

idtu + Au = a\u\^^^u inQ, p>l 

uWxdn = 0, 

with a = {0, 1}. Then we have the following estimate 

(3.7) ff \9n,yu{x)\^ \uiy)\^\uiz)\^\uiw)\^da,dydzdwdt < M'l^E^I^ 

J Janxnxnxn Pi{x,y,z,w) 

where 

pi{x, y, z, w) = y xf + yj + z\ + wf + t{xl + y^ + z^ + w^) 

and M and E are the conserved mass and energy. 

Proof. First, define v{x,y) = u{x)u{y) solution to the problem 

idtv + Av = a{\u\P~\x) + \u\P^\y))v in f] x 1] 

'y|9{f7xQ) = 0, 

For star-shaped obstacles, in order to obtain local smoothing near the boundary, 
Planchon and Vega ([20]) considered 

\v\'^{x,y,t)h{x, y)dxdy 



'nxQ, 

with h{x, y) = VpF+bP ^^"^ computed the double derivative with respect to 
time of the 4D integral thus overcoming the problem of the wrong sign of the 
bilaplacian in 2D. To generalize their procedure to obstacles satisfying condition 
(3.5), we should take a weight of the form \/x\ + tx^ + yl + tyl to ensure that 
the boundary term has a right sign. However, this will not be enough to cover 
all epsilons with < e < 1 since the bilaplacian will not always have the right 
sign (see Remark 3.7). This problem can be solved by increasing the dimension 
through applying the tensor product technique again. Remark that to ensure a 
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right sign of the bilaplacian it is enough to be in 6D; but to preserve the symmetry of 



the computations (which is essential in Proposition 3.5), we will apply the tensor 
product technique again for v. Thus we define U{x,y,z,w) = v{x,y)v{z,w) = 
u{x)u{y)u{z)u{w) solution to the 8D problem 

idtU + AU = aN{u)U inVtxVtxVt^VL 
U\d{nxny.nxn) = 0, 

with 

N{u) = \u\P-\x) + \u\P-\y) + \u\P-\z) + \u\f-\w). 
Now, we consider 



^pi(^) = / \U\ {x,y, z,w,t)pi{x,y, z,w)dxdydzdw 

for 



'SlxSlxSlxSl 



Pi = \/^i + 2/1 + zf + wl + e{xl + yl + zl + wl) 

with X = (xi,X2), y= (yi,|/2), z = iZi,Z2), w = iWi,W2). 

and we compute j^Mp^{t). This is a standard computation and similar to the 
one [in] and [20], up to slight modifications to the nonlinear term. We replicate 
this computation here so that the argument will be self-contained: We have 

idi{\U\^) = UAU - UAU = div(t/Vf7 - f/Vf/) = -2idiv(/mf7Vf/) 

hence, by integration by parts and using the Dirichlet boundary condition we get 

— Mp,(t) = -2/m f pidw{UVU) = 2Im f UVU ■ Vpi 

Now, 



d 
Jt 



Mp^{t) = 2/m [{dtUVU + TJVdtU) ■ Vpi = -2/m j dtU{2VU ■ Vpi + f/Api) 

= -2Re f{AU - aN{u)U){2VU ■ Vpi + UApi) 

= -ARe I AUVU ■ Vpi + 2 /" | Vt/^Api + 2Re j UVU ■ V(Api) 

+ 2a I N{u)V{\U\^)Vpi + 2a j N{u)\U\^Api 

= -ARe I AUVU ■ Vpi + 2 /" \VU\^Api - j \U\^A^pi -2a j \U\^VN ■ Vpi. 
Integrating by parts again, 

j Auwu ■wpi = - I |a„f/p9„pi - jwu- wiyu ■ Vpi) 
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where n is the normal pointing into the domain, and thus 



2Re / AUVU ■ Vpi = -2 / \dnU\'dnPi - / V(|Vf/r) • Vpi - 2 / Hesspi{VU,VU) 

= -2 f\dnU\^dnPi+ f\VU\^Api-2 f Hesspi{VU,W) 
Moreover, by integrating by parts we have 

-2a I \U\^VN -Vpi 

= ^(^zi)« f \u\wur\x)A,p^ + \ur\y)/\yp, + |Mr-i(^)A,pi + \ur\w)A^p,) 

and we finally obtain 
(3^8) 

^Mp,{t) = - I |t/|'AV + 2f\dnU\^dnPi +Af HesspiiVU, VU) 

+ "^il^a J \U\''i\ur\x)A.,p, + \ur\y)Ayp, + \ur\z)A,p, + \ur\w)A^pi) 

From our choice of the convex function pi we have that the terms with the Hessian 
as well as those with the Laplacian are positive. 



We also have from Remark 3.7 that 8D bilaplacian (n = 4) A pi is negative 
VO < e < 1. Now, we deal with boundary term. First, we look at the term dnPi 
with n the normal pointing into ^7x^7x^2x^7, we have 

n = (n^, 0, 0, 0) if X G dfl, y,z,w E fl 

n = (0, Uy, 0, 0) if y G dQ, x,z,w E Q 

n = (0, 0, riz, 0) ii z E dfl, x,y,w E Q 

n = (0, 0, 0, riw) if w G dfl, x,y,z E Q 



Hence, if x G dQ 



{xi,ex2)-n^ 

dnpi = 

Pi 



which is strictly positive by the geometric condition we imposed (3.5). Moreover, 

<^nPl > — 
Pi 

and we also have 

Ku\' = \dr.Mx)\'Hy)\'H^)\'Hw)\\ 



and we deal similarly when y, z, or w E dil. Hence, (3.8) yields 
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which ends the proof of Proposition 3.8 D 



Due to the fact that we are doing the tensor product technique more than once, 
and we are deahng now with four 2D variables, we will need extra estimates on the 
boundary. We have the following proposition: 



Proposition 3.9. Under the conditions of Proposition 3^8, we have the following 
estimate 

(3.9) / / |g„... (x)|>(,)|>(.)|> HP^^^^^^^^^^^ ^ ^,/,^,/, 

J JdQxQxQxQ a/|xP + |2;|2 + |y ±ti;|2 



Remark 3.10. Remark that Proposition 3^ is obviously improving over Proposi 



tion 3.8, as the new weight has less decay in some directions (actually, no decay 
in direction y — w or y + w for example!), whereas pi is uniformly decaying in all 
directions. 



Proof. To prove the estimates (3.9), we do the same standard procedure as in 



Proposition 3.8 with the weight p2 defined as 



P2= \ Xl + tX^ + Zf + tZ^+ ' • ' ' 



V2 J \ V2 



2 , 2 , 2 , 2 , / ^1 +^l\ , Jy2 + W2^ 



■= P2 + Pt 

Again, we consider 

^P2(^) = / \U\'^{x,y, z,w,t)p2{x,y, z,w)dxdydzdw 



nxsixfixfi 



d2 



and we compute -^Mp.^{t) to get 

(3.10) 

'^^Mp,{t) = - f \U\^A^p2 + 2 f \dnU\^dnP2 + A f Hessp2iyU, WU) 



dt 



+ ^i^_il« J \U\^{\ur\x)A,p2 + \ur\y)AyP2 + \ur\z)A,p2 + \ur\w)A^p2) 

Note that p2 is convex thus the Hessian is positive, and the terms with the Laplacian 
are positive as well. As for the term of the bilaplacian, note that the functions p^ 
and P2 of {x, y, z, w) can be also viewed as functions of 

, y — w y + w, /^^^^N 
(2^,2;,—-=-,—-=-) := (6,6,-^3,-^4) 
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with V53P2 = ^^^d Vg4P2 — 0- Since the bilaplacian in invariant under rotation, 
we have 

Ky,z,n.P2 = ^L6,«3,C4P2" = AL6,C3 ( V^n + ell + ell + e(e?2 + ^2^2 + els)) 

and by Remark 3.7, this 6D bilaplacian {n = 3) is negative. Similarly, A^p^ < 0, 
hence we have A^p2 < 0. 

Now, we deal the boundary term in (3.10). First, we want to control the terms we 
get on the boundary when {y, w) G d{Q x Q). If y G dQ then 

1 1 

2P2 2p+ 



Introduce 



Thus, 



7 



xj + txl + zl + ezl + 2 (^1 + ^yl + ^1 + ^wl) 



P2 =7a/1- 



yiwi + ey2W2 



ryZ 



and 



now, we write 



P2 =7a/1 + 



yiwi + ey2W2 



r 



1 1 



„± 



P2 7 7 

and substitute in VyP2 to get 



1± 



yi'wi+ty2W2 
^2 



^ (1/1, £^2) , iyi,ey2) 

^yp2 = + ^ 



7 



-1 



+ 



{wi,ew2) 



1 

7 



7 \ /T _ i/l'"'l+'Si/2'W2 



1 



1 

7 



1 + 



^2 



1 



1 I 'i/iWi+i:y2W2 



7 



1 _ »/iUii+ei/2W2 
-L . 9 



Using the fact the y is bounded and 7 is large enough, there exists a positive 
constant c such that 



\yiwi + ey2W2\ < c ^ ^ 



7^ 



7 



and thus 



7 



1± 



yiWi+ey2W2 
'v2 



< 



7 



<1 

^^ -,2 



7^ 
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this implies that 

|V.P.|<1.| 



so, the boundary term obtained when y G dVt is controlled by Proposition |3.8 

\u{x)\^\dnyU{y)\^\u{z)\'^\u{w)\^\dnP2\dxdaydzdwdt 




J JnxdQxQxn Pi 

similarly for the boundary term generated when w G dQ. 
Now, when x G dfl, then 

dnp2 = V^p2 ■ ^x = ( ^ + ^ ) (a^i- ea;2) ■ n^ 
VP2 P2J 

Again by the geometry of the obstacle, we have {xi, 6X2) ■ n^ > and thus 
^ ]_ ]_^ I I 

OnP2 r^ _ + _|_ r^e r. — pj j — nj j TIT ~r n — p5 j — r^ j ttt 

P2 P2 a/|xp + |z|"^ + ly — ti?!"^ a/pI"^ + |2;p + |y + lyp 

and 

\dM = \drM^)\'\uiy)\'\uiz)\'\uiw)\\ 



and we deal similarly when z G dQ. So, finally (3.10) yields 

|9„^m(x)P|u(|/)P|m(z)|2|'u(w)|2 




dnxuxnxn a/|xP + \z\'^ + \y — w\'^ 



-daxdydzdwdt 



Idnxnxnxn ^/\x\'^ + \z\'^ + \y + w\'^ 




D 



Now, we are ready to prove Proposition 3.5 Again, we proceed in a similar 
argument to that in previous propositions, we consider 

Mp(t)= f \UWX,Y,t)p{X,Y)dXdY 

J {Qxn)x(QxQ) 

where U{X,Y) = v{X)v{Y) = u{x)u{y)u{z)u{w) , with X = {x,y), Y = {z,w) G 
fi X fi, is the solution to the problem 

idtU + AU = aN{u)U infixfixfixfi 
U\d{nxnxnxn) = 0, 

with 

N{u) = \u\P-\x) + \u\P~\y) + \u\P-\z) + \uf-\w) 
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for 

p{X, Y)=\X-Y\ + \X' + Y\ + \X' -Y\ + \X + Y\ 
=a/|x — z\'^ + \y — wp + a/|x + z\'^ + Iz/ — wP 
+ a/|x — 2;p + |?/ + i(;p + a/|x + zP + |y + wP 
where X' = {x, —y)- Doing the same standard computation, we get 
(3A1) 

^Mp(t) = - j |f/|2AV + 2 /" |a„f/|29„p + 4 /" HesspiyU, Vf7) 

The weight p is convex and thus the Hessian term and the Laplacian terms are 
positive. Moreover, we have 

.■? f ^ 1 1 1 



Now, we control the boundary term. If x G dVL and y,z,w & Q then 9„p = VxP-n-^ 
and we have 

„ X — 2; x + z X — 2; x + 2; 

\/ P = r + r + r + r 

^'^ \X -Y\ \X' + Y\ \X' -Y\ \X + Y\ 
Setting A^ = |xp + \z\^ + \y — wp and A^ = |xp + |2;p + \y + wp, we have: 

\X-Y\' = \'_(l-^Y \X' + Y\' = Xl(l + ^ 
\X' -Y\' = Xl(l- ^^ , \X + Y\' = \l(l + ^'''' 



xi r '" ' - ' •■+ V A 



Reasoning as in Proposition |3.9[ we write 

1 1 1 

+ 



\X±Y\ A± A±\^/rX^ 
and 



^l 




1 



and we substitute in Vxp which yields some convenient cancellations in the z terms. 
Then, using the fact that |x| is under control and X± are large enough, there exists 
a positive constant c' such that 

|2x ■ z\ d 

< ^ < 1 



\\ - X± 



and thus 
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A_ 



'1± 



2x-z 
A2 



< 







and similarly for A+. This yields that 



IVrfl < - + - 



and thus the boundary term generated when x E dil is controlled by (3.9) of 



Proposition 3^, and similarly when z G dfl. 

Now, when y G dQ or w G dQ, we do a similar procedure but with 

ll2il l2il I l2 

|y| + \w\ + \x ± z\ , 



A| 



and we get the same control on the boundary terms by Proposition 3.9 So, finally, 



(3.11) yields 




(axQ)x(nxn) 






dXdYdt < M^/^E^/^ 



which actually holds on 



X 



provided we extend v by zero inside the obstacle. 



Then, by Plancherel's theorem we get 



\D-'^Mvr)\\i. 



which ends the proof of Proposition 3.5 
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